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Abstract 

First, some Green type potentials are introduced in the upper half-plane, which 
depend on a functional parameter ( )xω  given on ( )∞+,0  and can have any 
mass density near the finite points of the real axis. These potentials possess a 
minimality property in the sense that they coincide with the ordinary Green 
potentials in the upper half-plane after application of some generalization of 
Liouville’s fractional integration. Then, the Riesz type descriptive 
representations of some Nevanlinna-Djrbashian type classes of functions delta-
subharmonic in the half-plane and possessing there bounded Tsuji 
characteristics are established, where the new potentials participate and an 
analogue of the Stieltjes inversion formula is true. 

1. Introduction 

This paper is devoted to the descriptive Riesz type representations of 
some classes of functions delta-subharmonic in the upper half-plane 

{ }0Im: >=+ zzG  and possessing there bounded Tsuji characteristics. 
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These classes and their representations, in a sense, are similar to those 
investigated by Djrbashian in the unit disc of the complex plane [1] (see 
also [2, 5]). Besides, the representations of this paper differ from those of 
[8], though as those of [8], they can have any mass density near the finite 
points of the real axis. The main difference is that the representations of 
this paper posses a minimality property, which is revealed by application 
of the operator 

( ) ( ) ( ) ,,
0

+
∞+

ω ∈ω+= ∫ GztditzfzfL  (1.1) 

becoming the Liouville fractional integration when ( ) ( )α+Γ=ω α 1tt  
( ).0>α  It is easy to see that the Djrbashian kernel 

( ) ( ) ( ) ( ),,
00

xdetItI
dtezC txitz ω== −

∞+
ω

ω

∞+
ω ∫∫  (1.2) 

is transferred by ωL  to the ordinary Cauchy kernel, i.e., 

( ) ( ) ,,1
0

+
ωω ∈≡

−
= GzzCizzCL   (1.3) 

for “good enough” functions ( ).xω  Besides, ( ) ( ) α+
ω −= 1izzC  for ( ) α=ω tt  

( ).0>α  Note that, being an obvious generalization of the ordinary 

Cauchy kernel in the one-dimensional case, the kernel-ω  (1.2) was first 
used in [9], where it was constructed in the multidimensional case of tube 
domains. 

Everywhere below, we assume that ( )xω  is a continuously 

differentiable function in some interval [ ] ( ),,0,0 ∞+⊂∆  such that 
( ) ( ) ( ) ( ) ( ) ( ),00,,00 ∆<<>ω′+∞<<∆∆ω=ω=ω xxxx  and 

( ) .
0

+∞<ω∫
∆

x
dxx  

In first four sections, if this paper, some Green type potentials in the 
upper half-plane, depending on the functional parameter ( ) ( )+∞<<ω xx 0  

are introduced and investigated. In difference to those of [8], these 
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potentials possess a minimality property in the sense that, they coincide 
with the ordinary Green potentials in the upper half-plane after 
application of the operator .ωL  Then, in two subsequent sections, the 

Riesz type descriptive representations of some Nevanlinna-Djrbashian 
type classes of functions delta-subharmonic in the half-plane and 
possessing there bounded Tsuji characteristics are found, where the new 
potentials participate and an analogue of the Stieltjes inversion formula 
is true. 

2. Blaschke Type Factors 

2.1. Assuming that +∈η+ξ=ζ Gi  is a fixed point, for η>zIm  

introduce the Blaschke type factors 

( ) [ ( ) ( )] ( ) .exp,~
0 








ω+ζ−++ζ−−=ζ ωω
η

ω ∫ dttitzCitzCzb  (2.1) 

It is easy to see that 

( ) ( ) { ( )},,exp,,~
ζ−ζ=ζ ωωω zVzbzb  

where ( )ζω ,zb  is the Blaschke factor introduced in [8] and 

( ) ( ) ( ) ( ) ( ) ,,
0

2
dttitzCdttitzCzV ω−ζ−+ω+ζ−−=ζ ω

η
ω

η

η
ω ∫∫  (2.2) 

is a holomorphic function in .+G  Besides, it is not difficult to verify that 
the following formula is true for the ordinary Blaschke factor: 

( ) ( ) ( )
.11Relog,log

0
0 dt

zitzitz
zzb 





ζ−+

−
ζ−−

−=
ζ−
ζ−≡ζ ∫

η
 (2.3) 

First, we prove the following lemma: 

Lemma 2.1. If +∈η+ξ=ζ Gi  is a fixed point, then 

( ) ( ) { ( )} ,,,exp,,~
0

+
ωω ∈ζ−ζ=ζ GzzJzbzb   (2.4) 
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where 

( ) ( ) ( ) ,,log1, 0 duubLuzCzJ ζ−
π

=ζ ωω
∞+

∞−
ω ∫  (2.5) 

is a function holomorphic in .+G  

Proof. Using formula (2.3), one can verify that for any ( )∞+∞−∈ ,u  

and ,0>t  

( ) ( )
( )

( ) ( )
.Re,log 220

ξ−++σ

σ+σ
=

ξ−++σ
σ=ζ+ ∫∫

η

η−

η

η− ut
dt

uit
ditub  (2.6) 

Hence, for any ,0>t  

( ) duitub ζ+
π ∫

∞+

∞−
,log1

0  

( ) ( )22 ξ−++σπ
+σσ= ∫∫

∞+

∞−

η

η− ut
dutd  

( )

( )









η<<
ξ−+λπ

λλ







−

+∞<<η
ξ−+λπ

λλ

=

∫∫∫
∫∫

∞+

∞−

−

+η−

+η

∞+

∞−

+η

+η−

,0when,

,when,

22

0

0

22

t
u

dud

t
u

dud

t

t

t

t  

and 

( )




η<<
+∞<<ηη

=ζ+
π ∫

∞+

∞− .0when,2
,when,2,log1

0 tt
t

duitub  (2.7) 

Further, using formulas (2.5), (2.7), and the estimate (3.15) of [7], we 

conclude that for any +∈+= Giyxz  and ( )1,0∈δ  

( ) ( ) ( ) ( )tditubduuzCzJ ωζ+−
π

≤ζ ∫∫
∞+

ω
∞+

∞−
ω ,log1, 0

0
 

( ) ( )tditub
uz

duM y ωζ+
−π

≤ ∫∫
∞+

δ−

∞+

∞−

δ ,log 0
01

,  
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( ) ( ) ( ) ,2 ,
01

, η∆ω≤







ω+ωη≤ ∗

δ
η∞+

ηδ−
δ ∫∫ y

y Mttdtd
y

M
 (2.8) 

where 0, >∗
δyM  is a constant depending only on y and ,δ  and it is 

obvious that the integrand in ( )ζω ,zJ  has an independent of +∈ Gz  
integrable majorant, provided 0>y  does not approach zero. Hence, the 

function ( )ζω ,zJ  is holomorphic in .+G  Besides, by the Fubini theorem, 

 ( ) ( ) ( ) ( ) duitubuzCtdzJ ζ+−
π

ω=ζ ω
∞+

∞−

∆
ω ∫∫ ,log1, 0

0
 

  ( ) ( ),,,
0

tdtzA ωζ≡ ω
∆

∫  

where the inner integral is absolutely convergent. Therefore, by (2.6), 

( ) ( ) ( ) ,1Re1,, duuituzCdtzA








ξ−++σ
−

π
σ−=ζ ω

∞+

∞−

η

η−
ω ∫∫  

provided .t≠σ  Now, calculating the integral 

  ( ) ( ) ( ) duuituzCtzK








ξ−++σ
−

π
≡ζ ω

∞+

∞−
ω ∫ 1Re1,,  

 ( ) ( ) duuituzC








ξ+−+σ
+

π
= ω

∞+

∞−∫
1Re1  

 ( ) ( ) ( ) ,11
2
1 duuituituzC









ξ+−+σ
+

ξ+++σ
+

π
= ω

∞+

∞−∫  

we obviously get 

( ) ( )
( )[ ]

( )
( )[ ] .2

1
2
1,, tiu

duuzC
itiu

duuzC
itzK

+σ−ξ−−
+

π
−

+σ+ξ−−
+

π
=ζ ω

∞+

∞−

ω
∞+

∞−
ω ∫∫  

Besides, it follows from the estimate (3.2) of [7] that for any fixed ,+∈ Gz  

the function ( )wzC +ω  belongs to the Hardy 2H  in .+G  Hence by 
Cauchy’s formula, 
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( )
( )( )

( )( )





<+σ+σ−ξ−−

>+σ+σ+ξ−
=ζ

ω

ω
ω

.0when,

,0when,
,,

ttizC

ttizC
tzK  

Thus, 

( )
( )

( )( ) ( )tdtizCdzJ ω+σ+ξ−σ=ζ− ω
∞+

σ−

η

η−
ω ∫∫ +

,  

( )
( )( ) ( )tdtizCd ω+σ−ξ−σ− ω

σ−η

η− ∫∫
+

0
 

( )( ) ( )tdtizCd ω+σ+ξ−σ= ω
∞+η

∫∫ 00
 

( )( ) ( )tdtizCd ω+σ+ξ−σ+ ω
∞+

η− ∫∫ 0

0
 

( )( ) ( )tdtizCd ω+σ−ξ−σ− ω
σ−

η− ∫∫ 0

0
 

( )( ) ( ).
0

0
tdtizCd ω+σ+ξ−σ− ω

σ−

η− ∫∫  

Therefore, using formula (1.3) and integrating by parts, we get 

( ) [ ( ) ( )] τττ dizCizCzJ +ζ−+−ζ−=ζ− ∫
η

ω 00
0

,  

( ) ( )tddiitzC
t

ω







σσ−+ξ−− ω

ηη

∫∫0
 

( ) ( )tddiitzC
t

ω







σσ+−ξ−− ω

ηη

∫∫0
 

[ ( ) ( )] λλ+ζ−+λ−ζ−= ∫
η

dizCizC 00
0

 

( ) ( )tddizC
t

ω







λλ−ξ−− ω

−ηη

∫∫ 00
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( ) ( )tddizC
t

ω







λλ+ξ−− ω

−ηη

∫∫ 00
 

( ) ( )ζ−+
−

ζ−−
= ∫∫

ηη

zi
d

zi
d

τ
τ

τ
τ

00
 

( ) ( ) ( ) ( )dttitzCdttitzC ω−ζ−−ω+ζ−− ω
η

ω
η

∫∫ 00
 

( ) ( ).,~log,log 0 ζ+ζ−= ω zbzb  

Hence, the desired representation (2.4) holds.   

Also, the following theorem on the properties of the factors ( )ζω ,~ zb  is 

true: 

Theorem 2.1. For any fixed ,+∈η+ξ=ζ Gi  the function ( )ζω ,~ zb  is 

holomorphic in ,+G  where it has a unique, first order zero at the point 
.ζ=z  

Proof. If +∈η+ξ=ζ Gi  is fixed and ρ≥zIm  for some ,0>ρ  then 

by (1.2), 

( ) ( )( ) ( ) ,2when, η≤≤η+∞<ρ≤+η−≤+ζ− ωωω tiCtyiCitzC  

( ) ( )( ) ( ) .0when, η≤≤+∞<ρ≤−η+≤−ζ− ωωω tiCtyiCitzC  

Thus, the integrands in (2.1), which are holomorphic in ,+G  have 
independent of ( ),Im ρ≥zz  integrable majorants. Consequently, the 

function ( )ζω ,zV  is holomorphic in any half-plane ,Im ρ≥z  and hence 

in the whole .+G  

2.2. Below, we study some properties of the Blaschke type factor 

( ),,~
ζω zb  which are revealed by application of the operator ωL  of (1.1). To 

this end, we shall often use the representations of ( )ζω ,~log zb  given in 

the next two lemmas. 
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Lemma 2.2. If +∈η+ξ=ζ Gi  is a fixed point, then the function ωL  

( )ζω ,~log zb  is harmonic everywhere in the finite complex plane, except the 

straight line closed interval [ ]ζζ,  with endpoints ζ  and .ζ  Besides, the 
following representations are true: 

( ) ( )
( )

( )
( )ζ−+

ω
−

ζ−−
ω

−=ζ ∫∫
ηη

ωω zit
dtt

zit
dttzbL

00
ReRe,~log  

( )
( ) [ ].,,Re ζζ∈/ξ−+
−ηω

= ∫
η

η−
zdtzit

t  (2.9) 

Proof. It suffices to prove only the representations (2.9), since they 
easily imply the required harmonicity. For ,Im η>= zy  the first line of 
(2.9) follows from formulas (1.1), (1.3), (2.1), and (2.2), due to absolute 
convergence of the integrals, and this representation is true for any 

[ ]ζζ∈/ ,z  by the uniqueness of harmonic function. The second line of 
(2.9) follows from the first one by some simple change of variables. 

Lemma 2.3. For any +∈η+ξ=ζ Gi  and [ ],, ζζ∈/+= iyxz  

( ) ( )
[ ( ) ]

( ) ,
4

2,~log 222222

222

0
dtt

ytxyt
txyyzbL −ηω
−ξ−++

−ξ−+
−=ζ ∫

η
ωω  (2.10) 

( ) ( ) ( ).,log,~log 0
0

σωσ−ζ=ζ ∫
η

ωω dizbzbL  (2.11) 

Proof. Formula (2.10) easily follows from the first line of (2.9). 
Further, integrating by parts from the second line of (2.9), we get 

( ) ( ) ( )[ ]ξ−+−ηω=ζ ∫
η

η−
ωω zitdtzbL log,~log  

( )[ ] ( )dttzit −ηω′ξ−+= ∫
η

log
0

 

( )[ ] ( ) .log
0

dttzit +ηω′ξ−+− ∫ η−
 

Replacing tt −→  in the last integral, we come to (2.11). 
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2.3. Observe that by the representation (2.10) 

( ) .,,0,~log ξ≠+∞<<∞−=ζωω xxxbL   (2.12) 

Besides, if ,η≥ξ−z  then the integrand in (2.10) is nonnegative. Hence, 

( )
{ }





<=∈>

∈<
ζ

−

+

ωω
,0Im:,0

,,0
,~log

zzGz

Gz
zbL  

when .η>ξ−z  For a further study of the function ( ) ,,~log ζωω zbL  the 

well-known properties of the Cauchy type integrals (see, e.g., [3], Chapter I) 
are to be used. Indeed, by formula (2.9), it easily follows that 

( ) ( ) [ ],,,Im2,~log ηη−∈/Φπ=ζξ+ ωωω zzizbL   (2.13) 

where 

( ) ( ) ,2
1 dtzt

t
iz

−
−ηω

π
≡Φ ∫

η

η−
ω  (2.14) 

i.e., is a Cauchy type integral. Hence, 

( ) ( ) .,,~log,~log C∈ζξ+−=ζξ+− ωωωω zizbLizbL   (2.15) 

Obviously, the function ( )zωΦ  is holomorphic everywhere in the 

finite complex plane ,C  except the interval [ ]., ηη−  Further, ( ) 1Lip∈ω x  

in [ ],,0 ∆  due to the continuous differentiability of ( ).xω  Consequently, 

the following statements are true: 

(a) The Cauchy type integral 

( ) ( ) ,2
1 dtxt

t
ix

−
−ηω

π
=Φ ∫

η

η−
ω  

in the sense of its principal value, is a continuous function on [ ]., ηη−  

(b) At any point ( ),, ηη−∈x  the following limits exist and are finite: 

( ) ( ) ( ) ( ),lim,lim
,,

xzxz
GzxzGzxz

−
ωω

∈→

+
ωω

∈→
Φ≡ΦΦ≡Φ

−+
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besides, 

( ) ( ) ( ) ( ) ( ) ( ).2, xxxxxx ω
−
ω

+
ω

−
ω

+
ω Φ=Φ+Φ−ηω=Φ−Φ  

(c) For any ( ),1,0∈λ  the limits ( )x+
ωΦ  and ( )x−

ωΦ  are continuous 

functions of the class 1Lip  in the interval ( )., ηη−  

(d) ( )zωΦ  is continuous at the points .η±=z  

Using these properties of ( ),zωΦ  we prove the following statement: 

Theorem 2.2. For any fixed .+∈η+ξ=ζ Gi  

(i) The function ( )ζωω ,~log zbL  is continuous in the closed complex 

plane { },∞= ∪CC  is harmonic everywhere in the finite complex plane ,C  

except the closed straight line interval [ ]ζζ,  with endpoints ζ  and ,ζ  is 

subharmonic in the upper half-plane +G  and superharmonic in the lower 

half-plane .−G  Besides, 

( )






∈>

∈<
ζ

−

+

ωω
.,0

,,0
,~log

Gz

Gz
zbL  (2.16) 

(ii) The following equality is true: 

( ) .,0,~log +∞<<∞−=ζωω xxbL   (2.17) 

(iii) The following equality is true: 

( ) ( ) .,22,~logmin
0

+
η

ωω
∈

∈η+ξ=ζω
−η
−η−=ζ ∫

+

Gidxx
x

x
xzbL

Gz
 (2.18) 

Proof. (ii) By (2.13) and the properties of the Cauchy type integral 

(2.14), the function ( )ζωω ,~log zbL  is continuous everywhere in C  and 

vanishes at .∞  So, this function is continuous in the closed complex 
plane. The equality (2.17) follows from (2.12). 



RIESZ TYPE MINIMAL OMEGA-REPRESENTATIONS … 11

(i) The function ( )ζωω ,~log zbL  is harmonic everywhere, except 

[ ]., ζζ  Therefore, it suffices to prove that for any [ ]ζζ∈ ,s  and any 

small enough number ,ρ  

( ) ( )
( ]

[ )





ξζ∈≤

ζξ∈≥
ζ−ϑζρ+

π ωω
ϑ

ωω
π

∫
.,,0

,,,0
,~log,~log2

1 2

0 s

s
sbLdesbL i  

Then, the inequalities (2.16) follow by the maximum principle of 

subharmonic functions in +G  and minimum principle of superharmonic 

functions in .−G  For proving (2.16), observe that by (2.15) and (2.17) for 
,0>ρ  

( ) ( ) .0,~log,~log2
1 2

0
=ζξ−ϑζρ+ξ

π ωω
ϑ

ωω
π

∫ bLdebL i  

Further, suppose η<< h0  and { }.,max0 hh −η<ρ<  Then, by (2.9), 

( ) ϑζρ++ξ
π

ϑ
ωω

π

∫ deihbL i ,~log2
1 2

0
 

( ) dt
eiht

td iϑ

η

η−

π

ρ+−
−ηω

ϑ
π

= ∫∫
2

02
1Re  

( ) ( )[ ] .2
1Re dthtiss

dst
s 








−−π

−ηω−= ∫∫ ρ=

η

η−
 

Calculating the inner integral by residues, we get 

( )[ ] 







ρ<−

ρ>−
−

−
=

−−π ∫ ρ= .,0

,,1

2
1

ht

htht
htiss

ds
s

 

Thus, 

( ) ( ) .,~log2
1 2

0
dtht

tdeihbL
h

hi
−
−ηω









+=ϑζρ++ξ

π ∫∫∫
η

ρ+

ρ−

η−

ϑ
ωω

π
 

Consequently, if η<< h0  and { },,max0 hh −η<ρ<  then 



ARMEN JERBASHIAN and JOEL RESTREPO 12

( ) ( ) ϑζ+ξ−ϑζρ++ξ
π ωω

ϑ
ωω

π

∫ dihbLdeihbL i ,~log,~log2
1 2

0
 

( ) ( ) ( ) dxx
hxdxx

hxdtht
th

h

+−ηω
−−−ηω−=

−
−ηω

−= ∫∫∫ ρ−

ρρ+

ρ−

0

0
 

( ) ( ) ,0
0

>−−ηω−−+ηω= ∫
ρ

dxx
hxhx  

since ( )xω  is strictly increasing. For ,η=h  we assume that η<ρ<0  
and get 

( ) ϑζρ+ζ
π

ϑ
ωω

π

∫ debL i ,~log2
1 2

0
 

( ) dt
eit

td i η−ρ+
−ηω

ϑ
π

=
ϑ

η

η−

π

∫∫
2

02
1Re  

( )[ ] ( ) ,2
1Re dtttiss

ds
s

−ηω







η−−π

−= ∫∫ ρ=

η

η−
 

where 

( )[ ] 





ρ<−η

ρ>−η
η−

−
=

η−−π ∫ ρ= .,0

,,1

2
1

t

tttiss
ds

s
 

Thus, 

( ) ( ) ,,~log2
1 2

0
dtt

tdebL i
η−
−ηω

=ϑζρ+ζ
π ∫∫

ρ−η

η−

ϑ
ωω

π
 

and finally, for ,0 η<ρ<  

( ) ( )ζζ−ϑζρ+ζ
π ωω

ϑ
ωω

π

∫ ,~log,~log2
1 2

0
bLdebL i  

( ) ( ) .0
0

>ω=
η−
−ηω

−= ∫∫
ρη

ρ−η
dxx

xdtt
t  

The inequality in the second line of (2.16) follows from the already proved 
first line and (2.15). 
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(iii) The function ( ) ( )+
ωω ∈η+ξ=ζζ GizbL ,~log  is nonpositive, 

continuous in ,+G  and harmonic in the domain [ ].,\ ζξ+G  Besides, 
(2.17) is true. Hence, this function takes its minimal value on the closed 
interval [ ]., ζξ  Namely, 

( ) ( ) ( ) dtt
tbLzbL

Gz
−η
−ηω

−=ζζ=ζ ∫
η

η−
ωωωω

∈ +

,~log,~logmin  

 ( ) .22
0

dxx
x

x
x ω

−η
−η−= ∫

η
 

Below, we prove one more useful lemma: 

Lemma 2.4. For any fixed ,+∈η+ξ=ζ Gi  

( ) .0,~loglim
0

=ζ+ωω
∞+

∞−→ ∫ dxiyxbL
y

 (2.19) 

Proof. By formula (2.9), 

( )
( ) ( )

( ) .,~log 22 dtt
ytx

ytiyxbL −ηω
−+ξ−

−=ζ+ ∫
η

η−
ωω  

Hence, changing the order of integration, we get 

( ) ( )
( ) ( )

dx
ytx

ytdttdxiyxbL 22,~log
−+ξ−

−−ηω=ζ+ ∫∫∫
∞+

∞−

η

η−
ωω

∞+

∞−
 

 ( ) ( ) ( ).,sign yDdtytt η≡−−ηωπ= ω
η

η−∫  

For calculating the last integral, observe that if ,η≥y  then 

( ) ( ) ( ) ,sign2,
0

dxxyyD ωπ−=η ∫
η

ω  

and if ,η<y  then it is easy to verify that 

( ) ( ) ( ) .sign2, dxxyyD
y
ωπ−=η ∫

η

−η
ω  
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Thus, 

( )
( ) ( )

( ) ( )









η<ωπ−

η≥ωπ−
=ζ+

∫
∫

∫ η

−η

η

ωω
∞+

∞− .,sign2

,,sign2
,~log 0

ydxxy

ydxxy
dtiyxbL

y

 

(2.20) 

Hence (2.19) follows. 

3. Green Type Potentials 

The theorems of this section relate to the convergence and some 
properties of the Green type potentials constructed by means of Blaschke 
type factors of the previous section. 

3.1. First, we prove the following theorem: 

Theorem 3.1. If a nonnegative Borel measure ( ),ζν  given in the half-

plane ,+G  satisfies the condition 

( ) ( ) ,
Im

0
+∞<ζ








ω∫∫∫

ζ

+
νddtt

G
 (3.1) 

then the Green type potential 

( ) ( ) ( ),,~log~ ζζ= ωω ∫∫ +
νdzbzP

G
 (3.2) 

is convergent in +G  and represents there a subharmonic function with the 

Riesz measure ( ).ζν  

Proof. In any half-plane { }ρ>=+
ρ zzG Im:  with ,0 ∆<ρ<  we 

define a Green type potential as the sum 

( ) ( ) ( ) ,,,,~
0

+
ρωω ∈ρ+ρ= GzzUzPzP  (3.3) 
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where 

( ) ( ) ( ) ( ),,loglog 00 ζζ=ζ
ζ−
ζ−≡ ∫∫∫∫ +

ρ
+
ρ

νν dzbd
z
zzP

GG
 (3.4) 

is an ordinary Green potential, and 

( ) ( ) ( ) ( )
( ) ( )ζ

ζ
ζ

+ζζ≡ρ ω
ωω ∫∫∫∫ +

ρ
+
ρ

+
νν dzb

zbdzbzU
GGG ,

,~
log,~log,

0\
 

 ( )( ) ( )( ).,, 21 ρ+ρ≡ ωω zUzU  (3.5) 

The Green type potential ( )zPω
~  is convergent in +G  in the sense that for 

any ( ),,0 ∆∈ρ  the ordinary Green potential ( )ρ,0 zP  converges in +G  

and ( )ρω ,zU  is a harmonic function in .+ρG  For verifying this, we first 

prove that if the condition (3.1) is fulfilled, then for any ( ),,0 ∆∈ρ  

( ) .,Im η+ξ=ζ+∞<ζζ∫∫ +
ρ

id
G

ν  

Indeed, if ,0 ∆<ρ<  then by (3.1), 

( ) ( )ζ







ω>∞+ ∫∫∫

η

+
ρ

νddtt
G 0

 

( ) ( )ζ







ω








+= ∫∫∫∫∫

η

+
∆

+
ρ

+
∆

νddtt
GGG 0\

 

( ) ( ) ( ) ( ) ( )ζ







ω+ζ








ω+ω≥ ∫∫∫∫∫∫∫

ρη

∆

∆

+
∆

+
ρ

+
∆

νν ddttddttdtt
GGG 0\0

 

[ ( )] ( ) ( )ζ+ζ∆−η+= ∫∫∫∫ +
∆

+
ρ

+
∆

νν dCdCC
GGG \

321  

( ),4 ζη≥ ∫∫ +
∆

νdC
G

 

where 04,3,2,1 >C  are some constants. Now, observe that the already 

proved relation (3.5) provides the convergence of the ordinary Green 



ARMEN JERBASHIAN and JOEL RESTREPO 16

potential in (3.4) for any ( ),,0 ∆∈ρ  since it is well-known that its 
convergence is guaranteed even by the weaker Blaschke condition 

( ) .
1

Im
2 +∞<ζ

ζ+

ζ∫∫ +
ρ

νd
G

 

Further, by Theorem 2.1, the integrand ( )ζω ,~log zb  in ( )( )ρω ,1 zU  is 

harmonic in .+ρG  Besides, assuming that ,, η+ξ=ζ+= iiyxz  and 

,1ρ<y  where ρ>ρ1  is fixed, one can be convinced that by (2.1) and 
(1.3), 

( ) { ( ) ( )} ( )dttitzCitzCzb ω−ζ−++ζ−=ζ ωω
η

ω ∫0
,~log  

{ ( )( ) ( )( )} ( )dtttyiCtyiC ω−η+++η−≤ ωω
η

∫0
 

( ( )) ( ) ,2
0

1 dttiC ωρ−ρ≤ ∫
η

ω  

and hence, 

( )( ) ( ) ( )ζζ≤ρ ωω ∫∫ +
ρ

+
νdzbzU

GG
,~log,

\
1  

( ( )) ( ) ( ) .2
0\

1 +∞<ζ







ωρ−ρ≤ ∫∫∫

η
ω +

ρ
+

νddttiC
GG

 

Thus, the modulus of the integrand in ( )( ),,1 ρω zU  which is a harmonic 

function in ,+ρG  possesses an independent of ,
1
+
ρ∈ Gz  integrable 

majorant. Hence, ( )( )ρω ,1 zU  is a harmonic function in .+ρ∈ Gz  

For proving that ( )( )ρω ,2 zU  is harmonic in the whole ,+G  observe 
that by the representation (2.4) and (2.5) 

( )
( ) ( ) ,,,Re,

,~
log

0
+

ω
ω ∈ζ−=

ζ
ζ GzzJzb

zb  
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where ( )ζω ,zJ  is a holomorphic function in .+G  Besides, by (2.8) for any 

0>ε>y  and ( ),1,0∈δ  

( ) ( ) ( ) ( ) .42, 1
,

001
, η∆ω

ε
≤








ω+ωη

ε
≤ζ

δ−
δεη∞+

δ−
δε

ω ∫∫
M

ttdtd
M

zJ  

Consequently, for any ε>y  and ( ),1,0∈δ  

( ) ( ) ( ) ( ) .4, 1
, +∞<ζη∆ω

ε
≤ζζ ∫∫∫∫ +

ρ
+
ρ

δ−
δε

ω νν d
M

dzJ
GG

 

Thus, for any ,0>ε  the modulus of the integrand in ( )( ),,2 ρω zU  which is 

a harmonic function in ,+ρG  possesses an integrable majorant 

independent of .+ε∈ Gz  Consequently, ( )( )ρω ,2 zU  is a harmonic function 

in .+G  

3.2. The next two theorems relate to some properties of the potential 

( ),~ zPω  which are revealed by application of the operator .ωL  

Theorem 3.2. If a nonnegative Borel measure ( )ζν  given in +G  

satisfies the condition (3.1), then ( )zPL ωω
~  is a nonpositive, continuous, 

subharmonic function in ,+G  and 

( ) ( ) ( ) ,,,~log~ +
ωωωω ∈ζζ= ∫∫ +

GzdzbLzPL
G

ν  (3.6) 

where the integral is absolutely and uniformly convergent inside .+G  

Proof. Assuming that +⊂ GK  is any compact with K∈= zd min  

0Im >z  and { }∆<ρ< ,2min0 d  is a fixed number, we write 

 ( ) ( ) ( ) ( ) ( )ζζ+ζζ= ωωω ∫∫∫∫ +
ρ

+
ρ

+
νν dzbdzbzP

GGG
,~log,~log~

\
 

 ( )( ) ( )( ),21 zPzP ωω +≡  
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and separately prove the desired statements for ( )( )zP 1
ω  and ( )( ).2 zPω  To 

this end, it suffices to show that the integral in the right-hand side of 

formula (3.6), written for ( )( )zP 1
ω  and ( )( ),2 zPω  is absolutely and uniformly 

convergent with respect to .K∈z  Then, formula (3.6) follows by Fubini’s 
theorem, while the subharmonicity and the continuity of the function 

( )zPL ωω
~  will hold by the same properties of ( ) .,~log ζωω zbL  

For ( )( ),1 zPω  observe that by (2.1) and (1.2) for +∞<< yd  and 

,2Im0 d<ρ<ζ<η<  

( ) ( ) ( )
( )σ
σω≤ζ

ω

+η−σ−
∞+η

ω ∫∫ I
dedttzb ty

00
2,~log  

 ( ) ( ) .22
0

+∞<ω< ∫
η

ω dttidC  

Hence, the desired statement follows by (3.1). Proceeding to estimation of 

the integrand in ( )( ),2 zPω  where ρ>η  and ,K∈+= iyxz  i.e., >≥ dy  

,2ρ  observe that by (2.4) ( ) ( ) ( ),,Re,log,~log 0 ζ−ζ=ζ ωω zJzbzb  and 

hence 

( ) ( ) ( ) .,,log,~log 0 ζ+ζ≤ζ ωω zJzbzb   (3.7) 

Besides, 

( ) ( ) ( ) ,,,~log,log 0 ζ+ζ≤ζ ωωωωω zJLzbLzbL   (3.8) 

where by (2.18), 

( ) ( ) ( ) ,22,~log
00

dxxMdxx
x

x
xzbL ω≤ω

−η
−η≤ζ ∫∫

η
ρ

∆
ωω  

with some constant 0>ρM  depending solely on .ρ  On the other hand, 

from (2.5) and (2.7), it follows that 
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( ) ( ) ( ) ( ) duitubtdidCzJ +ω
π

≤ζ ∫∫
∞+

∞−

∞+
ω

ω 0
0

log,  

( ) ( ) ( ) ,2
0 








ωη+ω= ∫∫
∆

η

η
ω tdttdidC  

where the last integral in the figure brackets disappears for .∆>η  

Hence, we conclude that 

( ) ( ) ( ) ( ) ,2,
0

, dxxMidCzJ d ω≤∆ω∆≤ζ ∫
η

ρωω  

and 

( ) ( ) ( ) ( ) ,,
0

,
0

, dxxMdxxMzJL dd ω′≡ω∆ω≤ζ ∫∫
η

ρ
η

ρωω  

where ρ,dM  and ρ′ ,dM  are some positive constants depending only on d 

and .ρ  By the above estimates and formulas (3.7) and (3.8), we conclude 

that in ( )( )zP 2
ω  

( ) ( ) ( )ζ+ζ≤ζ ωωωωω ,,log,~log 0 zJLzbLzbL  

( ) ( ) ,
0

,, dxxMMM dd ω+′+≤ ∫
η

ρρρ  

and again the desired statement follows by (3.1). 

Theorem 3.3. If a given in +G  nonnegative Borel measure ( )ζν  

satisfies the condition (3.1), then 

( ) ,~sup
0

+∞<+ωω
∞+

∞−> ∫ dxiyxPL
y

 (3.9) 

( ) .0~lim
0

=+ωω
∞+

∞−+→ ∫ dxiyxPL
y

 (3.10) 



ARMEN JERBASHIAN and JOEL RESTREPO 20

Proof. Observe that in view of formulas (3.6), (2.20), and the 

nonpositivity of ( )ζωω ,~log zbL  in +G  

( ) dxiyxPL +ωω
∞+

∞−∫
~  

( ) ( )ζζ+= ωω
∞+

∞− ∫∫∫ +
νdiyxbLdx

G
,~log  

( ) ( ) dxiyxbLd
G

ζ+ζ= ωω
∞+

∞−∫∫∫ +
,~logν  

( ) ( ) ( ) ( )ζ







ωπ+ζ








ωπ= ∫∫∫∫∫∫

ηη

−η +++
νν ddxxddxx

yy GGyG 0\
22  

 ( ) ( )( ).2 yByA +π≡  

Hence, we easily come to the relation (3.9) 

( ) ( ) ( ) .4~sup
00

+∞<ζ







ωπ≤+ ∫∫∫∫

η
ωω

∞+

∞−> +
νddxxdxiyxPL

Gy
 

Further, it is obvious that ( ) 0→yB  as .0+→y  As to ( ),yA  its 

integrand ( )dxx
y
ω∫

η

−η
 possesses an independent of y integrable majorant 

( ) .
0

dxxω∫
η

 Therefore, denoting the characteristic function of the half-

plane +
yG  by ( ),ζχy  we get 

( ) ( ) ( ) ( ) .0limlim
00

=ζ







ωζχ= ∫∫∫

η

−η+→+→ +
νddxxyA

y
yyGy

 

Remark 3.1. As we have proved, under the condition (3.2), the 

function ( )zPL ωω
~  is subharmonic in +G  and the relation (3.9) is true. 

This means that ( )zPL ωω
~  belongs to the class mN  of Solomentsev [10]. 

On the other hand, the relation (3.10) provides the equality of ( )zPL ωω
~  to 
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some ordinary Green potential, which possesses the minimality property, 
i.e., at almost all points of the real axis, it has zero boundary limits by the 
orthogonal to the real axis arcs of any circle, which is the image of a 
radius under a conformal mapping of the disc 1<z  to the half-plane 

.+G  

4. One More Property of Green Type Potentials 

In this section, we prove one more property of the Green type 

potential ( ).~ zPω  To this end, first we prove the following improvement of 

the estimate of the kernel (1.2) given by Lemma 3.2 in [7]. 

Lemma 4.1. For any fixed number ,0>ρ  

( ) ,,1Re 2,
+
ρρωω ∈+=+≤ Giyxz

z
yMzC  (4.1) 

where 0, >ρωM  is a constant depending only on ρ  and the function 

( ).xω  

Proof. For any ,+ρ∈+ Giyx  integration by parts gives 

( ) ( ) ( )
( )

[ ( )]
dt

tI
tIeiztI

e
iztI

dtezC itz
itz

itz
t 200

11
0

ω

ω
∞+

ωω

∞+
ω

′
−== ∫∫

∞+

=
 

( ) ( )
( )

[ ( )]
∞+

=

∞+

=
ω

ω

ω

′
−=

00 22
11

tt tI
tIe

iztI
e

iz
itz

itz
 

( )
( )

[ ( )]
( )

[ ( )]
.21

3202 dt
tI
tI

tI
tIe

iz
itz











 ′

−
′′

+
ω

ω

ω

ω
∞+

∫  (4.2) 

Observe that for ,0 +∞<≤ t  

( ) ( ),
0

xdetI tx ω= −
∞+

ω ∫  
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is a positive, continuous function and ( ) ( ) ( ).0
0

∆ω=ω= ∫
∞+

ω xdI  Further, 

choose a number { }( )3,3min,0 ∆ρ∈δ  and denote ( ) .0min
21 >ω′≡

∆≤≤δ
xC

x
 

Then, for t large enough, 

( ) ( ) ( )( ) .21 1212
1

2
δ−δ−∆−δ−−

∆

δ

−
∆

δ
ω >−=≥ω≥ ∫∫ ttttxtx et

Ceet
CdxeCxdetI  

Consequently, 

( ) ,0,1
2 +∞<≤
+

≥ δ−
ω tet

CtI t  (4.3) 

where 02 >G  is some constant. Further, for any ,0 +∞<≤ t  the 

function 

( )
[ ( )]

( )

( )

,2

0

0
2









ω

ω
−=

′

−
∆

−
∆

ω

ω

∫

∫
xde

xxde

tI
tI

tx

tx

 

is negative and continuous, and it is easy to see that for t large enough 

( )
[ ( )]

,22
32

δ

ω

ω ≤
′ tetC

tI
tI  

where 03 >C  is some constant. Consequently, 

( )
[ ( )]

( ) ,0,1 22
42 +∞<≤+≤

′ δ

ω

ω tetC
tI
tI t  (4.4) 

with some constant .04 >C  In a similar way, we come also to the 

estimate 

( )
[ ( )]

( )
[ ( )]

( ) ,0,12 33
532 +∞<≤+≤

′
−

′′ δ

ω

ω

ω

ω tetC
tI
tI

tI
tI t  (4.5) 

where 05 >C  is some constant. 
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It follows from the representation (4.2) and the estimates (4.3), (4.4), 
and (4.5) that 

( ) ( ) ( ) ,,Re1Re 2
+
ρω ∈/+

∆ω
= Gzzv

z
yzC  (4.6) 

where the function 

( )
( ) ( )[ ]

( )
( )

( )
[ ( )]

( )
[ ( )]

,2111
3202022 dt

tI
tI

tI
tIe

iz
xxd

iz
zv itz











 ′

−
′′

+ω
∆ω

−=/
ω

ω

ω

ω
∞+∆

∫∫  

admits the estimate 

( ) ( )( ) ,,1 2
733

02
5

2
6 +

ρ
δ−ρ−

∞+
∈≡++≤/ ∫ Gz

z
Cdtte

z
C

z
Czv t  

with some constants .07,6 >C  Hence, the desired estimate (4.1) holds by 

(4.6). 

Along with Lemma 4.1, we shall use the following statement on the 
Green type potentials: 

Theorem 4.1. If a nonnegative Borel measure ( )ζν  satisfies the 

condition (3.1), then for any ,0>ρ  the corresponding Green type potential 

satisfies the condition 

( ) .~sup +∞<+ω
∞+

∞−ρ> ∫ dxiyxP
y

 (4.7) 

Proof. Assuming that ,20 ∆<ρ<  we represent the Green type 

potential in the half-plane +
ρ 2G  in the form (3.3), i.e., as the sum of 

integrals ( )2,0 ρzP  and ( ),2, ρω zU  and estimate these integrals 

separately. To this end, first we observe that the condition (3.1) implies 
that 

( ) .,Im η+ξ=ζ+∞<ζζ∫∫ +
ρ

id
G

ν  



ARMEN JERBASHIAN and JOEL RESTREPO 24

Therefore, by (2.7), 

( ) ( ) ( ).22,sup
2

0
2

η+ξ=ζ+∞<ζηπ≤ρ+ ∫∫∫ +
ρ

∞+

∞−ρ>
iddxiyxP

Gy
ν  

Further, we represent ( )2, ρω zU  in +
ρ 2G  as the sum of integrals 

( )( )2,1 ρω zU  and ( )( ),2,2 ρω zU  as in (3.5). Then, by (2.1) and the 

estimate (4.1), we obtain that for 20 ρ<η<  and ρ>y  

( )ζω ,~log zb  

 { ( ) ( ) } ( )dttitzCitzC ω−ζ−++ζ−≤ ωω
η

∫ ReRe
0

 

( ) ( ) ( ) ( )
( )dtt

tyx
ty

tyx
tyM ω













−η++ξ−

−η+++
+η−+ξ−

+η−+≤ ∫
η

22220
1

11  

( )
( ) ,2

3
20

2 dtt
yMx

yM ω
+ξ−

≤ ∫
η

 

where 03,2,1 >M  are some constants. Consequently, 

( )( ) dxiyxU
y

2,sup 1 ρ+ω
∞+

∞−ρ> ∫  

( )
( )

( )dtt
yMx

ydxdM
GGy

ω
+ξ−

ζ≤ ∫∫∫∫
η∞+

∞−ρ> +
ρ

+ 02
3

2\
2

2
sup ν  

( ) ( ) .
0\3

2

2
+∞<ζ








ω

π
≤ ∫∫∫

η

+
ρ

+
νddtt

M
M

GG
 

Further, by the representation (2.4), 

( )( ) ( ) ( ),,Re2,
2

2 ζζ−=ρ ωω ∫∫ +
ρ

νdzJzU
G

 

where ( )ζω ,zJ  is the integral (2.5). Further, again by the estimate (4.1) 
for ,ρ>y  we get 
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( ) ( ) du
uz

ubLyMzJ 2
0

4
,log,Re

−

ζ
π

≤ζ ω
∞+

∞−
ω ∫  

( )
( ) ( ),,log 0

0224 tditub
yux

duyM ωζ+
+−π

= ∫∫
∆∞+

∞−
 

where 04 >M  is some constant. Consequently, by formula (2.7) for any 

ρ>y  and ,2ρ>η  

( ) dxiyxJ ζ+ω
∞+

∞−∫ ,  

( ) ( )
( ) 220

0
5 ,log

yux
dxyduitubtdM

+−π
ζ+ω≤ ∫∫∫

∞+

∞−

∞+

∞−

∆
 

( ) ( ) ,2 6
0

5 η≤







ω+ωηπ= ∫∫

η∞+

η
MttdtdM  

where 06,5 >M  are some constants. Consequently, 

( )( ) ( ) ,2,sup
2

7
2 +∞<ζη≤ρ+ ∫∫∫ +

ρ
ω

∞+

∞−ρ>
νdMdxiyxU

Gy
 

for some constant .07 >M  

5. Representations of Classes of Harmonic Functions 

We start by the following theorem on representations of some 

weighted classes of harmonic functions in .+G  

Theorem 5.1. ( )1  The class of harmonic in +G  functions ( ),zU  for 

which 

( ) ,sup +∞<+∫
∞+

∞−ρ>
dxiyxU

y
 (5.1) 

for any 0>ρ  and 
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( ) ,sup
0

+∞<+ω
∞+

∞−> ∫ dxiyxUL
y

 (5.2) 

coincides with the set of functions representable in the form 

( ) ( ) ( ) ,,Re1 +
ω

∞+

∞−
∈µ−

π
= ∫ GztdtzCzU  (5.3) 

where ( )tµ  is a function of bounded variation on ( )., ∞+−∞  

( )2  If the representation (5.3) is true, then the following analogue of 

the Stieltjes inversion formula holds: 

( ) ( ) ( ).,a.e.lim
00

∞+∞−∈+=µ ω+→ ∫ xdtiytULt
x

y
 (5.4) 

Proof. ( )1  First, let us verify that if ( )zU  is harmonic in ,+G  then 

also ( )zULω  is harmonic in .+G  Indeed, ( )zU  is uniformly continuous in 

any compact inside .+G  Hence, if ,+∈+= Giyxz  then for any number 
,0>ε  there is some ( )y,0∈δ  such that 

( ) ( ) ( ) ,
∆ω
ε<ρ+σ+−σ+ ϑieizUizU  

for any ,0 ∆≤σ≤  provided .0 δ<ρ<  Consequently, 

( ) ( ) ( ) ( ) ( ) ,
0

ε<σωρ+σ+−σ+≤ρ+− ϑ
∆

ϑ
ωω ∫ deizUizUezULzUL ii  

when 0>ρ  is small enough. Besides, it is easy to see that 

( ) ( ) ( )σωρ+σ+ϑ
π

=ϑρ+
π

ϑ
∆π

ϑ
ω

π

∫∫∫ deizUddezUL ii
0

2

0

2

0 2
1

2
1  

( ) ( ) ϑρ+σ+
π

σω= ϑ
π∆

∫∫ deizUd i2

00 2
1  

( ) ( ) ( ).
0

zULdizU ω
∆

=σωσ+= ∫  
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Now, suppose that a harmonic in +G  function ( )zU  is such that the 
relations (5.1) and (5.2) are true. Then, it is well-known (see, e.g., [6], 
Lemma 1.3 on p. 48) that (5.1) implies 

( ) ( )
( ) ( )

,,22
+
ρ

∞+

∞−
∈+=

ρ−+−

ρ+
π
ρ−= ∫ Giyxz

ytx
dtitUyzU  (5.5) 

for any .0>ρ  It follows from this representation, that for any ,0>ρ  the 
function ( )zU  is the real part of some function ( ),zfρ  which is 

holomorphic in +
ρG  and can be written as a Laplace transform. Indeed, 

( ) ( )
( )








−ρ−−
ρ+

π
= ∫

∞+

∞− tizi
dtitUzU 1Re  

( ) ( )









ρ+
π

= −ρ−
∞+∞+

∞− ∫∫ ττ dedtitU tizi
0

1Re  

( ) ( )
















ρ+

π
= −

∞+

∞−

ρ−
∞+

∫∫ τττ ddtitUee tiizi 1Re
0

 

{ ( )} ,,Re +
ρρ ∈≡ Gzzf  (5.6) 

where all integrals are absolutely and uniformly convergent inside .+ρG  

Hence, 

( ) { ( )} ,,Re +
ρρωω ∈= GzzfLzUL  

where ( )zfL ρω  is a holomorphic in +
ρG  function representable as a 

Laplace transform. Indeed, 

 ( ) ( ) ( )σωσ+= ρ
∞+

ρω ∫ dizfzfL
0

 

( ) ( ) ( ) τττ ddtitUeed tiiizi









ρ+
π

σω= −
∞+

∞−

σ+ρ−
∞+∞+

∫∫∫ 1
00

 

( ) ( ) ( ) ,
0

ττ ττ ddtitUeIe tiizi









ρ+
π

= −
∞+

∞−

ωρ−
∞+

∫∫  
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where all integrals are absolutely and uniformly convergent inside ,+ρG  

including ( )τωI  defined in (1.2). Further, the condition (5.2), which is 

true for the function ( )zULω  harmonic in ,+G  implies the representation 

( ) ( )
( )

,,22
+

∞+

∞−
ω ∈+=

+−

µ
ππ= ∫ Giyxz

ytx
tdyzUL  (5.7) 

where ( )tµ  is a function of bounded variation on ( )., ∞+−∞  Hence, the 

function ( )zULω  is the real part of some Laplace transform, namely, of 

the holomorphic in +G  function 

( ) ( ) ,,1
0

+−
∞+

∞−

∞+
∈









µ
π

= ∫∫ GzdtdeezF tizi τττ  

and 

( ) ( ) .,Re +
ω ∈= GzzFzUL  

By (5.6), ( ) ( ) ( )+
ρρω ∈= GzzfLzF ReRe  for any ,0>ρ  and hence 

( ) ( ) ,, +
ρρρω ∈+= GziCzfLzF  

where ρC  is a real constant depending on .ρ  But for any ,0>ρ  

( ) ( ) ,0limlim == ρω+∞→+∞→
iyfLiyF

yy
 

since the generating functions of the Laplace transforms representing 
( )zF  and ( )zfρ  are bounded. Thus, 0=ρC  for any .0>ρ  

So, for any ,0>ρ  the function ( )zfL ρω  has a holomorphic 

continuation to the whole half-plane ,+G  where 

( ) ( ) ., +
ρω ∈≡ GzzfLzF  

Consequently, by the uniqueness of the generating functions of Laplace 
transforms (see, e.g., [11], Chapter II, Section 6), 
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( ) ( ) ( ) ,0,1 +∞<<ρ+
π

=µ
π

−
∞+

∞−

ω−
∞+

∞− ∫∫ ττ ττ dtitUeItde titi  

where the right-hand side does not depend on .0>ρ  Hence, for any 

,0>ρ  

( ) ( ) ( ) ,0,11 +∞<<µ
π

=ρ+
π

−
∞+

∞−ω

−
∞+

∞− ∫∫ τ
τ

ττ tdeIdtitUe titi  

and coming to the Laplace transforms of these functions, by (5.6), we 
conclude 

 ( ) ( ) ( ) τττ ddtitUeezf tiizi









ρ+
π

= −
∞+

∞−

ρ−
∞+

ρ ∫∫ 1
0

 

( )
( ) ( ) τ
τ

ττ dtdeIe tiizi









µ
π

= −
∞+

∞−ω

ρ−
∞+

∫∫ 1
0

 

( )
( ) ( )tdI

de tizi µ








π
=

ω

−ρ−
∞+∞+

∞− ∫∫ τ
ττ

0

1  

( ) ( ) .,1 +
ρω

∞+

∞−
∈µ−ρ−

π
= ∫ GztdtizC  

Consequently, for any ,0>ρ  

( ) ( ) ( ) ,,Re1 +
ρω

∞+

∞−
∈µ−ρ−

π
= ∫ GztdtizCzU  

and letting ,+∞→ρ  we obtain the representation (5.3). 

Conversely, let the representation (5.3) be true. Then, by the estimate 

(4.1), it easily follows that ( )zU  is harmonic in +G  and the relation (5.1) 

is true. As to the relation (5.2), it follows by application of the operator 

ωL  to both sides of formula (5.3), which gives (5.7). 

( )2  The statement is obvious in virtue of formula (5.7). 
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6. Riesz Type Representations with Minimality Property 

Henceforth, we assume that ( )zU  is a δ -subharmonic function in the 

upper half-plane ,+G  and its Riesz associated measure ( )ζν  is minimally 

decomposed in the Jordan sense, i.e., ( ) ( ) ( ),ζ−ζ=ζ −+ ννν  where ( )ζ±ν  

are the positive and the negative variations of the measure ( ),ζν  which 

are some nonnegative Borel measures with non-overlapping supports in 

.+G  Two functions ( ) ( ) ( )zUzUzU 21 −=  and ( ) ( ) ( ),21 zVzVzV −=  which 

are δ -subharmonic in a domain, are said to be equal, i.e., ( ) =zU  ( ),zV  if 

( ) ( ) ( ) ( ),1221 zVzUzVzU +=+  everywhere in that domain. 

We shall deal with the Tsuji characteristics of the form 

( ) ( ) ( ) ( ) ,0,2
1, +∞<<++±
π

=± ∫∫
∞++∞+

∞−
ydttndxiyxUUy

y
∓L  

where { } ,,0,max −++ −== aaaaa  and 

( ) ( ) { }.Im:, tGdtn t
Gt

>ζζ=ζ= +∫∫ + ∓∓ ν  

Now, we introduce the ω -weighted classes of δ -subharmonic functions in 

,+G  which we shall study. 

Definition 6.1. A δ -subharmonic in +G  function ( )zU  is of the class 

,m
ωN  if 

( ) ( )[ ] ( ),,0anyfor,,,sup ∆∈ρ+∞<−+
ρ>

UyUy
y

LL  (6.1) 

and 

[ ( ) ( )] .,,sup
0

+∞<−+ ωω
>

ULyULy
y

LL  (6.2) 

Remark 6.1. In contrast to the theories in the unit disc of the 
complex plane [1, 2, 5] based on the equilibrium relation between the 
growth and the decrease Nevanlinna characteristics, such an equilibrium, 
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i.e., Levin formula, is not true for all functions delta-subharmonic in the 
half-plane (see Chapter 3 in [6]). Therefore, it is natural to define the 

class m
ωN  by the restrictions (6.1) and (6.2), which are on both growth 

and decrease Tsuji characteristics, as it is done also in Chapter 4 of [6]. 

The following theorem gives the descriptive Riesz type representations 

of the classes :m
ωN  

Theorem 6.1. ( )1  The class m
ωN  coincides with the set of functions 

of the form 

( ) { ( )} ( ) ( ) ( ) ,,,~logRe1 +
ωω

∞+

∞−
∈ζζ+µ−

π
= ∫∫∫ +

GzdzbtdtzCzU
G

ν  

(6.3) 

where ( )tµ  is a function of bounded variation on ( )∞+−∞,  and 

( ) ( ) ( ),ζ−ζ=ζ −+ ννν  where ( )ζ±ν  are nonnegative Borel measures in ,+G  

such that 

( ) ( ) .
Im

0
+∞<ζ








ω ±

ζ

∫∫∫ +
νddxx

G
 (6.4) 

( )2  The measure ( )tµ  in representation (6.3) is revealed by the 

Stieltjes inversion formula 

( ) ( ) ( ).,a.e.lim
00

∞+∞−∈+=µ ωω+→ ∫ xdtiytULx
x

y
 (6.5) 

Proof. ( )1  Let ( ) .mzU ω∈ N  Then by (6.1) for any ( ),,0 ∆∈ρ  

( ) ( ) ( ) ( ) ,
00

+∞<ζ







ω≤ζ








ω ±

η
±

ρ−η

∫∫∫∫∫∫ +
ρ

+
ρ

νν ddxxddxx
GG

 (6.6) 

where .η+ξ=ζ i  Indeed, the first inequality is obvious. For proving the 

second one, observe that for any ( ),,0 ∆∈ρ  
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( ) ( )ζ







ω ±

η

∫∫∫ +
ρ

νddxx
G 0

 

( ) ( )ζ







ω








+= ±

η

∫∫∫∫∫ +
∆

+
ρ

+
∆

νddxx
GGG 0\

 

( ) ( ) ( ) ( )ζη∆ω+ζ







ω≤ ±±

∆

∫∫∫∫∫ +
∆

+
ρ

+
∆

νν dddxx
GGG \0

 

( ) ( ) ( ) ( ) ,2
2

+∞<ζ





 ρ−η∆ω≤ζη∆ω≤ ±± ∫∫∫∫ +

ρ
+
ρ

νν dd
GG

 

since the condition (6.1) is true for 2ρ  in particular. 

By (6.6) and Theorem 3.1, the Green type potentials in ,+ρG  with the 

measures ( ),ζ±ν  are convergent, and hence the function 

( ) ( ) ( ) ( ),,~log0 ζρ−ζρ−−= ω∫∫ +
ρ

νdiizbzUzU
G

 

is harmonic in .+ρG  Consequently, also the function 

( ) ( ) ( ) ( ),,~log0 ζρ−ζρ−−= ωωωω ∫∫ +
ρ

νdiizbLzULzUL
G

 (6.7) 

is harmonic in .+ρG  Besides, by the continuity of ( )zUL 0ω  and of the 

Green type potential, the function ( )zULω  of the above formula is a 

continuous, δ -subharmonic function in ,+ρG  and hence in the whole .+G  

Further, it is obvious that 

( ) dxiyxUL
y

+ω
∞+

∞−> ∫ 0
0

sup  

( ) dxiyxUL
y

+≤ ω
∞+

∞−> ∫0
sup  
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( ) ( ) dxdiiiyxbL
Gy

ζρ−ζρ−++ ωω
∞+

∞−> ∫∫∫ +
ρ

ν,~logsup
0

 

,BA +≡  

where 

[ ( ) ( )] ,,,sup +∞<−+≤ ωω
ρ>

ULyULyA
y

LL  

by (6.2) and +∞<B  by the estimate (3.9). Thus, 

( ) ( )
( )

,,220
+

∞+

∞−
ω ∈+=

+−

µ
π

=ρ+ ∫ Giyxz
ytx

tdyizUL  

where ( )tµ  is a function of bounded variation on ( )., ∞+−∞  Moreover, the 
measure ( )tdµ  of the above representation is absolutely continuous and is 
equal to ( ) .dtitUL ρ+ω  For proving this, observe that for any function 
( )xf  continuous in ( )∞+−∞,  and such that ( ) 0lim =

±∞→
xf

x
 

( ) ( ) ( ) ( ),lim 00
xdxfdxiiyxULxf

y
µ=ρ++ ∫∫

∞+

∞−
ω

∞+

∞−+→
 

(see, e.g., [4], Chapter I, Theorems 5.3 and 3.1(c)). Then, for any interval 

[ ] ( )∞+−∞⊂ ,, ba  introduce the sequence of functions { ( )}∞1xfn  assuming 

that ( ) ( )bxaxfn ≤≤≡ 1  and ( ) ( [ ])nbnaxxfn 1,10 +−∈/≡  and 
continuing ( )xfn  to the remaining intervals of ( )∞+−∞,  as a continuous, 
linear function. Then, by the continuity of ( )ρ+ω itUL  and the relation 
(3.10) 

( ) ( ) ( ) ( )dxiiyxULxfdxixULxf nyn ρ++=ρ+ ω
∞+

∞−+→ω
∞+

∞− ∫∫ 0
lim  

( ) ( ),xdxfn µ= ∫
∞+

∞−
 

for any .,2,1 …=n  On the other hand, 

( ) ( ) ( ) ( ).lim xddxixULxfdxixUL
b

a
nn

b

a
µ=ρ+=ρ+ ∫∫∫ ω

∞+

∞−∞→ω  
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Thus, ( ) ( ) .dtitULtd ρ+≡µ ω  Besides, ( ) ( )∞+∞−∈ρ+ω ,1LitUL  and 

( ) ( )
( )

.,220
+
ρ

ω
∞+

∞−
ω ∈+=

+−

ρ+
π
ρ−= ∫ Giyxzdt

ytx
itULyzUL  

Consequently, by (6.7), 

( ) ( ) ( ) ( )
( )

,,~log 22 dt
ytx

itULydiizbLzUL
G +−

ρ+
π
ρ−=ζρ−ζρ−− ω

∞+

∞−
ωωω ∫∫∫ +

ρ
ν  

for any ,+ρ∈+= Giyxz  and 

( ) ( ) ( )








ζρ−ζρ−− ωωω+∞→ ∫∫ +
ρ

νdiizbLiyULy
Gy

,~loglim2
1  

( ) .2
1 dtitUL ρ+
π

= ω
∞+

∞−∫  

On the other hand, by the representation (2.10), 

( ) ( ) ( ) ( ),,~loglim2
1

0
ζ








ω−=ζρ−ζρ− ∫∫∫∫∫

ρ−η
ωω+∞→ +

ρ
+
ρ

νν ddttdiizbLy
GGy

 

where .η+ξ=ζ i  Thus, 

( ) ( ) ( ) ( ) ,2
1lim2

1
0

dtitULddttiyUyL
Gy

ρ+
π

=ζ







ω+ ω

∞+

∞−

ρ−η
ω+∞→ ∫∫∫∫ +

ρ
ν  

(6.8) 

where all quantities are finite. 

Now, observe that by the relation (3.10) and a result of Solomentsev 
[10], the integrals in (6.7) taken by the components ( )ζ+νd  and ( )ζ−νd  of 

the measure ( )ζνd  are ordinary Green potentials in ,+ρG  i.e., there exist 

some nonnegative Borel measures ( )( )ζ+
ωνd  and ( )( )ζ−

ωνd  with non-

overlapping supports in ,+ρG  such that 

( ) ( )( ) ,+∞<ζρ−η ±
ω∫∫ +

ρ
νd

G
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and 

( ) ( ) ( ) ( )( ),,log,~log 0 ζρ−ζρ−=ζρ−ζρ− ±
ω±ωω ∫∫∫∫ +

ρ
+
ρ

νν diizbdiizbL
GG

 

where ( ) ( ) ( )ζ−ζ−=ζ zzzb ,0  is the ordinary Blaschke factor. Note 

that the measures ( )( )ζ±
ωνd  are independent of ,ρ  since they are the 

positive and the negative variations of the Riesz measure of the function 
( ).zULω  Further, by a passage to the limit in the last formula, we obtain 

that for any ( ),,0 ∆∈ρ  

( ) ( ) ( ) ( )( ) .
0

+∞<ζρ−η=ζ







ω ±

ω±
ρ−η

∫∫∫∫∫ +
ρ

+
ρ

νν dddtt
GG

 (6.9) 

Inserting this equality in (6.8), we come to the Levin formula for the 
function ( ).zULω  Then, by some simple rearrangement of terms, we get 

the following equilibrium relation for the Tsuji characteristics: 

( ) ( ) ( ) .0,,,lim2
1 ∆<ρ<ρ=−ρ+ ωωω+∞→

ULULiyUyL
y

LL  

Hence, by (6.2), 

( )( ) ,+∞<ζη ±
ω∫∫ +

νd
G

 

which implies (6.4) in virtue of (6.9). 

So, the relation (6.4) is true. Consequently, the Green type potential 

in (6.3) converges and the harmonic in +G  function 

( ) ( ) ( ) ,,,~log +
ω ∈ζζ− ∫∫ +

GzdzbzU
G

ν  

satisfies the conditions (5.1) and (5.2) of Theorem 5.1. Indeed, ( )zU  

satisfies (5.1) in virtue of (6.1), and the Green type potential by the 
estimate (4.7). As to the condition (5.2), ( )zU  satisfies this condition by 

(5.2), and the Green type potential by the estimate (3.9). Thus, the 
considered function is of the form (5.3), and ( )zU  is of the form (6.3). 
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Conversely, let ( )zU  be representable in the form (6.3). Then, 

obviously, ( )zU  is a δ -subharmonic function in .+G  Further, the Green 
type potential in (6.3) satisfies the condition (5.1) by (4.7) and it satisfies 
the condition (5.2) by (3.9). Besides, the function 

{ ( )} ( )tdtzC µ−
π ω

∞+

∞−∫ Re1  

in (6.3), which is harmonic in ,+G  satisfies these conditions by Theorem 

5.1. Thus, ( ) .mzU ω∈ N  

( )2  The relation (6.5) follows from (5.4) and (3.10), since 

( ) ( )
( )

( ) ( ) ,,,log 022
+

ω
∞+

∞−
ω ∈+=ζζ+

+−

µ
π

= ∫∫∫ +
Giyxzdzb

ytx
tdyzUL

G
ν  

where ( )ζων  is a Borel measure such that its positive and negative 
variations satisfy the condition 

( )( ) .Im +∞<ζζ ±
ω∫∫ +

νd
G

 

Remark 6.2. In particular, the above theorem implies that the class 

of those functions ( )zf  meromorphic in ,+G  for which ( ) ,log mzf ω∈ N  

coincides with the set of functions representable in the form 

( ) ( { })
( { })

( ) ( ) ,,1exp
,~
,~

+
ω

∞+

∞−
∈









+µ−
π

= ∫ GziCtdtzC
bzB
azBzf

n

k  (6.10) 

where ( )tµ  is a function of bounded variation on ( )∞+−∞,  C is a real 

number and { } { } ++ ⊂⊂ GbGa nk ,  are the zeros and the poles of ( ),zf  

which satisfy the density condition 

( ) ( ) .,
Im

0

Im

0
+∞<ω+∞<ω ∫∑∫∑ dttdtt

nk b

n

a

k
 

If the above factorization of ( )zf  is true, the following analogue of the 

Stieltjes inversion formula is valid: 
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( ) ( ) ( ).,.a.e,loglim
00

∞+∞−∈+=µ ω+→ ∫ xdtiytfLx
x

y
 

Remark 6.3. Note that a change of the integration orders in the 
exponent of the factorization (6.10) and in the harmonic part of the 
representation (6.3) gives a Laplace transform and the real part of a 
Laplace transform. 
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